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Tensors in physics can be bewildering as each author seems to have their

own way of defining them. In relativity, authors such as Misner, Thorne and
Wheeler in their massive book Gravitation, or Schutz in his A First Course
in General Relativity define a tensor as an object that returns a number
when it acts on one or more vectors. In Zee’s book on group theory, which
we’ll follow here, a tensor is defined as an object which transforms like a
tensor. What is meant by this seemingly circular definition is that a tensor
transforms under a rotation in a standard way.

A rotation in N dimensions is defined using a rotation matrix R (N) with
the properties

RTR= I

detR= 1
(1)

where RT is the transpose of R and I is the identity matrix, so that

RT =R−1 (2)
In 3 dimensions, an ordinary vector vvv transforms under a rotation as

vvv′ =Rvvv (3)
or, in components, using the usual summation over repeated indices con-
vention

vi =Rijvj (4)
A tensor is a generalization of a vector in that it can have any number of

indices, and each index transforms by an application of the rotation matrix.
So for a tensor T ij , the transformation operation is

T ′ij =RikRj`T k` (5)
Here, the two R matrices both refer to the same rotation, so they are the
same matrix.
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The number of indices on a tensor is its rank, so that T ij is a rank-2
tensor. In N dimensions, each tensor index lies in the range 1,2, . . . ,N , so
a rank-n tensor in N dimensions has Nn components. In particular, in 3
dimensions the rank-2 tensor T ij has 32 = 9 components.

We can rewrite 5 by writing T k` as a column matrix containing 9 compo-
nents, andRikRj` as a 9×9 matrixD (R) with row components indexed by
i and j and column components indexed by k and `. Since bothRik andRj`

in 5 are components of the same rotation matrix,D (R) is essentially a map-
ping of the 3-dimensional representation of a rotation into a 9-dimensional
representation of the same rotation. That is,D (R) is a (reducible, as it turns
out) representation of the rotation group SO (3).

We can verify this by demonstrating the closure property. If we apply a
rotation R1 followed by another rotation R2 to the tensor T ij , we have

T ′ij =Rik
1 R

j`
1 T

k` (6)

T ′′rs =Rri
2 R

sj
2 T
′ij (7)

=Rri
2 R

sj
2 R

ik
1 R

j`
1 T

k` (8)

Note that, since these equations deal with components of matrices, it doesn’t
matter which order we write the factors in a product.

We can now use the fact that in 3-dimensions, the product of two rotation
matrices R2 and R1 gives another rotation, to rearrange the last line. In
particular, we have

Rri
2 R

ik
1 = (R2R1)

rk

Rsj
2 R

j`
1 = (R2R1)

s`
(9)

This gives us

T ′′rs = (R2R1)
rk (R2R1)

s`T k` (10)

The 92 components ofR2R1 form the elements of the 9×9 matrixD (R2R1)
corresponding to the compound rotation R2R1.

The 9×9 matricesD (R) form a 9-dimensional representation of SO (3),
but we can also view the 9 column matrices in which one of the components
is 1 with the others being 0 to be a representation of SO (3). That is, we
have
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T 11 = TTT 1 =



1
0
0
0
0
0
0
0
0


; T 12 = TTT 2 =



0
1
0
0
0
0
0
0
0


. . . (11)

where I’ve used bold face to indicate the column matrix.
The 9×9 matrix D (R) has components

D (R)=



R11R11 R11R12 R11R13 R12R11 R12R12 R12R13 R13R11 R13R12 R13R13

R11R21 R11R22 R11R23 R12R21 R12R22 R12R23 R13R21 R13R22 R13R23

R11R31 R11R32 R11R33 R12R31 R12R32 R12R33 R13R31 R13R32 R13R33

R21R11 R21R12 R21R13 R22R11 R22R12 R22R13 R23R11 R23R12 R23R13

R21R21 R21R22 R21R23 R22R21 R22R22 R22R23 R23R21 R23R22 R23R23

R21R31 R21R32 R21R33 R22R31 R22R32 R22R33 R23R31 R23R32 R23R33

R31R11 R31R12 R31R13 R32R11 R32R12 R32R13 R33R11 R33R12 R33R13

R31R21 R31R22 R31R23 R32R21 R32R22 R32R23 R33R21 R33R22 R33R23

R31R31 R31R32 R31R33 R32R31 R32R32 R32R33 R33R31 R33R32 R33R33


(12)

This representation of D (R) maps the indices in RikRj` so that ij labels
the rows and k` labels the columns, with the labels in the order 11, 12, 13,
21, 22, 23, 31,32, 33.

The tensor component T 11 thus transforms under D (R) according to

T ′11 =R1kR1`T k` (13)

=R11R11T 11 +R11R12T 12 +R11R13T 13+

R12R11T 21 +R12R12T 22 +R12R13T 23+

R13R11T 31 +R13R12T 32 +R13R13T 33 (14)

By comparing this with 12, we see that T ′11 can be written as

T ′11 = TTT ′1 = [D (R)]1j TTT j (15)
Viewed this way, we see that the various column matrices TTT i transform

into linear combinations of each other. [As an aside, Zee states in his group
theory book that the tensor T ij is itself a representation of the rotation
group. I don’t see how this could be true, as it’s not possible to ’multiply’
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two elements of T to form another element of T , as would be required if the
elements of T formed a group. It’s the matrix D (R) that is the representa-
tion, as a matrix product does produce another matrix that is also a rotation.
It is true that the product [D (R)]ij TTT j produces another column that is a
linear combination of the basis objects TTT i, but only for special choices of
rotation will these linear combinations be equal to one of the basis objects.]

However, it’s possible to find linear combinations of the T ij components
that form smaller dimensional subsets that also transform within them-
selves. Zee shows that the antisymmetric combination

Aij = T ij−T ji (16)

transforms so that A′ij = RikRj`Ak`. The number of independent Aijs is
found by noting that (in N -dimensions) there are N choices for i and N−1
for j (since if i = j, Aii = 0 because it’s antisymmetric). However, this
overcounts by a factor of 2 since swapping i↔ j converts Aij ↔ −Aij .
Thus there are 1

2N (N −1) independent antisymmetric combinations of T ij

that transform into each other. For N = 3, this gives us 3 independent
components.

A similar analysis also works for symmetric components. If we define

Sij = T ij +T ji (17)

then we have, for a transformation,

S′ij = T ′ij +T ′ji (18)

=RikRj`T k`+RjkRi`T k` (19)

=RikRj`T k`+Rj`RikT `k (20)

=RikRj`
(
T k`+T `k

)
(21)

=RikRj`Sk` (22)

In the third line, we swapped the dummy index labels k↔ `, since these are
summed indices. Thus symmetric terms also transform into each other. The
number of independent Sijs is found in a similar way to the Aijs, in that
there are N choices for i and N −1 for j for terms with i 6= j, but again we
have overcounted by a factor of 2 so we have 1

2N (N −1) terms of this sort.
However, we also have N terms with i= j (which are, in general, not zero)
so we have a total of 1

2N (N −1)+N = 1
2N (N +1) terms. For N = 3, we

have 6 independent terms.
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Finally, there is a symmetric combination which remains invariant under
a rotation. It is the trace of the Sijs, that is, the sum of elements where
i= j. We have (repeated indices are summed):

S′ii =RikRi`Sk` (23)

=
(
RT
)ki

Ri`Sk` (24)

= Ik`Sk` (25)

= δk`Sk` (26)

= Skk (27)

In the third line, we used 1, so that RTR= I .
Thus in 3 dimensions, the original 9× 9 representation 12 breaks down

into a 3-dimensional representation (for anti-symmetric components), a one-
dimensional representation (for the trace of the symmetric components),
and a 5-dimensional representation (for the remaining symmetric compo-
nents).

As a footnote, we can create higher-dimensional representations of SO (N)
by using higher-rank tensors. For example, using a tensor T ijk of rank 3, in
3 dimensions it has 33 = 27 components. Using the transformation rule 5
extended to rank 3, we have

T ′ijk =Ri`RjmRknT `mn (28)

so under a rotation, the components of T ijk always transform into each
other. The transformation 28 can be written as a matrix equation with a
matrix D (R) consisting of a 27×27 matrix:

T ′ijk =D (R)[ijk][`mn]T `mn (29)

where the index [ijk] labels rows in D (R) and [`mn] labels columns, so
that

D (R)[ijk][`mn] =Ri`RjmRkn (30)

The matrices D (R) form a representation, since, as in 10, D (R1)D (R2) =
D (R1R2) as can be verified by writing out the products explicitly.

Presumably the 27× 27 representation can be reduced into a collection
of smaller representations in a similar way to the analysis of rank 2 tensors
above, but we won’t pursue that here.
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